Homework 5 - Solutions

MAT 351, Instructor: Alena Erchenko

1. Solution. Notice that 32 = 2°5. Thus, to have d(w,w’) < 27° we need that w and ' have
the same entries up to the 5-th position including. In particular, for such w we will have
d(w,w') < 27% We choose a periodic point with that extra requirement. For example, take

2.

(a)

(e)

w=(3,1,3,3,1,3,3,1,3,3,1,3,3,1,3,3,1,3,...).
O

Solution. Consider w,w’ € Qf such that d(w,w’) < 3. If w = «’, then d(w,w’) = 0 and
ot (w) = o" (W) so d(oT(w), 0 (w')) = 0. Assume w # w’. Since d(w,w’) < i, there exists
n € N such that wy = wj, if k¥ < n and w, # w),. Then, (6% (w))r = (o (W) if k <n—1
and (0% (w))n_1 # (67(w'))p_1 50 d(oF (W), 0T (W) =27"D =2.27" = 2d(w, ).

Therefore, we can take C' = 2. O
Solution. No. Let m € N\ {1}. Consider w = (1,1,1,...) and ' = (m, 1,1,...). Then,
dw,w') =27%=1and 0" (w) = 0" () so d(ocT(w),s"(w')) = 0. In particular, for our
example, d(oT(w), ot (w')) < d(w,w’). O
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Solution.

Solution. (1,1,1,1,...) and (3,3,3,3,...) are the only fixed points. O]

Solution. There are no periodic points with prime period 2. O
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Solution. We have A> = [ 2 1 1|. Since the (3,1)-entry of the matrix A3 is 3, there
3 2 2

are 3 admissible paths of length 3 from 3 to 1.

Solution. The number of periodic points of period 3 is equal to Trace(A3) =2+1+2 =15
(see A3 in the previous item). O
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4. Proof. We have that fy(z) > 1iff \x? — Az +1 < 0 iff VIS g < % Therefore,
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x € Iy U I; means that x € [0, V2 AU [H 21 > 1]. In particular, |1 — 2z > /1 — 1.
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Also, fi(z) = M1 —2z) so if € Iy U I; then [f{(z)] > A\\/1—3 > 1las A2 —4X—1 =

(A -

(2—=V5)(A—=(24+V5)) > 0for A > 2+ /5. Thus, we can take 1 = A\y/1 — 3. O



5. Proof. Since f: A — A and ¢g: B — B are topologically conjugate, there exists a homeomor-
phism h: A — B such that ho f = goh.

Denote by Per,(f) and Per,(g) the set set of periodic points of period n for f and g, re-

spectively. We define a map h: Per,(f) — Per,(g) by h(p) = h(p) for p € Per,(f). Let us
show that h is well defined. Let p € Per,(f), then f"(p) = p. Thus, using ho f = go h, we

obtain that i(p) = h(f"(p)) = g o h(f"~(p)) = g* o h(f"*(p)) = ... = g" o h(p) = g"(h(p))-
Therefore, g"(h(p)) = h(p), i.e., h(p) € Per,(g), so the codomain of h is Per,(g). Since h is
invertible, h is invertible with h=!(q) = h™*(q) for ¢ € Per,(g) so h is a bijection. O

6. Proof. We showed in class that (A, fy) for A > 2++/5 is topologically conjugate to (5, 07) so
there exists a homeomorphism h: QF — A such that fyoh=hoo™.

Let w € QF . Then, h((o7)")(w) = (f)"(h(w)) for all n € NU{0} so the orbit of w is mapped to
the orbit of h(w) € A. Recall that the orbit of w = (0,1,0,0,0,1,1,0,1,1,0,0,0,...,1,1,1,...)
under o is dense in Q5. We show that the orbit of h(w) under fy is dense in A.

Let z € A and € > 0. We want to show that there exists N € N such that |fY(h(w)) — 2| < e.
Since h is homeomorphism, h~! exists and h is continuous. In particular, there exists § > 0
such that if x € QF and d(z,h™*(2)) < § then |h(x) — h(h™1(2))| < &, ie., |h(x) — 2| < &. From
the density of the orbit of w in QF, there exists N € N such that d((c™)V(w),h71(2)) < 6.
Thus, [h((cT)M(w)) — 2| < e so | (h(w)) — 2] <e.

As a result, the orbit of h(w) is dense in A.

]

7. Proof. Since h has to be homeomorphism, in particular, invertible, we should have a # 0. Let
us show that if < I, we can find A > 1, a € R\ {0} and b € R such that ho Q.(z) = fyoh(z)
for all x € R.

We have hoQ.(z) = froh(x) for all z € Riff a(z*+c¢)+b = Max+b)(1— (ax+0b)) for all z € R
iff @ = —Xa? and —2Xab + Aa = 0 and ac +b = —Ab* + \b. Since a # 0, we have a = —+ (in
particular, A # 0) and b = 1. Using ac+b = —A\b?+ b, we obtain that we need A —2\+4c = 0.
Since ¢ < %, the solutions of the previous equation are Ay = 1++/1 —4cand Ay =1 —+/1 —4c
such that \; > 1 and Ay < 1. Therefore, there exists a unique A = 1 + v/1 — 4¢ > 1 such that
Q. is topologically conjugate to f\ via a homeomorphism h defined by h(z) = —%l’ + % n
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