
Math Club’s 3 Problems Week 13∗

August 28, 2019

The first two problems require what we explained during our discussions
(Chapter 12 of The Mathematical Omnibus).

1. Prove Fabricius-Bjerre Theorem: For every generic smooth closed curve
on the plane,

T+ − T− −
1

2
I = D.

Hint: Orient your curve and pick a point x on it. Consider the ray starting
at x in the direction of orientation at x (tangent at x). Call the number
of intersection points of this ray with the curve itself N . Start traversing
the curve in the direction of orientation. When does N change?

(Count the changes when x passes a double point, an inflection point, and
when the ray is a double tangent. For the case of double tangents, consider
all cases of possible orientations of the corresponding pieces of the curve.)

Then change the orientation of the curve and count the total change again.

2. By a curve we mean a generic smooth closed curve in the plane as described
in the discussions.

(a) Draw curves with following numbers:
T+ = 2, T− = 0, I = 2, D = 1,
T+ = 3, T− = 0, I = 2, D = 2,
T+ = 4, T− = 2, I = 0, D = 2.

(b) I is a positive even number and and T+ − T− − 1
2I = D, show that

there exist a curve with the respective number of double tangents,
inflections and double points.

(c) If I = 0, prove that T− is even and T− ≤ (2D + 1)(D − 1).

3. Let M be the torus surface (with coordinates α(mod 2π), β(mod 2π)),
and g(α, β) = (α+ 1, β+

√
2)(mod 2π). Prove that the sequence of points

{gT (x)}, T = 1, 2, . . . , is everywhere dense in the torus.

∗Email your solutions to us at sbumathclub@gmail.com (and/or) present it during our
GBM on the next Wed. at 7pm at Math Tower p-131.
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