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Abstract
Chronic conditions place a high cost burden on the healthcare system and deplete the quality of life for millions of
Americans. Digital innovations such as mobile health (mHealth) technology can be used to provide efficient and effective
healthcare. In this research we explore the use of mobile technology to manage chronic conditions such as diabetes and
hypertension. There is ample empirical evidence in the healthcare literature showing that patients who use mHealth observe
improvement in their health. However, an analytical study that quantifies the benefit of using mHealth is lacking. The benefit
of using mHealth depends on many factors such as the current health condition of the patient, pattern of disease progression,
frequency of measurement and intervention, the effectiveness of intervention, and the cost of measuring. Stochastic modeling
is a suitable approach to take these factors into consideration to evaluate the benefit of mHealth. In this paper, we model
the disease progression with the help of a Markov chain and quantify the benefits of measuring and intervention taking into
consideration the above-mentioned factors. We compare two different modes for measuring and intervention, mHealth mode
and conventional office visit mode, and evaluate the impact of these factors on health outcome.

Keywords mHealth · Chronic conditions · Markov models

1 Introduction

1.1 Managing chronic conditions

Chronic diseases and conditions are among the most com-
mon, costly, and preventable of all health problems. Accord-
ing to the Centers for Disease Control and Prevention, one or
more chronic health conditions and diseases are present
in about half of all adults in the United States today and
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are responsible for 70% of deaths [1]. Chronic disease,
therefore, can be considered as a true epidemic. In addition,
chronic conditions are a huge financial burden on the health-
care system, responsible for 86% of the healthcare costs.
Two of the chronic conditions that are the most prevalent are
Diabetes and Hypertension. The estimated cost of diagnosed
diabetes for the U.S. population was $245 billion in 2012
including $69 billion in lost productivity [2]. In addition
to the costs imposed, chronic conditions also decrease the
quality of life for millions of Americans. It is estimated that
7% of the U.S. population has been diagnosed with diabetes,
which is projected to affect 21% of the U.S. population by
2050 [3]. It is imperative that preventive interventions are
put in place to mitigate this alarming situation [4].

Chronic conditions can lead to critical health complica-
tions if not managed properly. For instance, Diabetes, which
results in high blood glucose level, could ultimately result in
failure of different organs [5]. Hypertension or high blood
pressure is the most common treatable risk factor for cardio-
vascular diseases [6]. Both of these conditions can also be
asymptomatic, that is, they may not show clinical symptoms
for the patient to act upon. These conditions also progress
as the patient ages, depending on the treatment regimens
undertaken by the patient.

There is clinical evidence that drug intervention to
manage hypertension can reduce critical and expensive
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cardiovascular events and can even prevent mortality [7].
Intensive control and regular follow-up could also slow
down the progression and help manage chronic conditions.
Hence patients need multiple visits a year to the clinic to
detect abnormalities at an early stage and manage their
chronic condition. In the traditional delivery model patients
measure and document their vitals only during their regular
visit to the physician’s office. These office visits may also be
time consuming due to waiting time in the physician office
and time for recording demographic, health, and insurance
information, in addition to the much shorter time that is
actually spent with the physician. Thus, if the measurements
of vitals have to be taken in person, costs (variable or fixed)
of taking the measurement are higher. Reviews and experts
have pointed out that compliance with regular check-ups
and medication has been a tricky issue, and missing routine
visits leads to complications given the asymptomatic nature
of the disease [8, 9]. This makes providing for the patient
difficult as the physician lacks continuous and reliable
information about the patient to act upon. The treatment
received, therefore, is suboptimal and thus leads to greater
probability of complications. Continuous and preventive
care are therefore much better alternatives to episodic and
reactive care.

1.2 Mobile health technology application in chronic
diseasemanagement

As discussed in Section 1.1, chronic diseases are pre-
ventable and manageable through early detection, improved
diet, exercise, and treatment therapy. Many of the most
common chronic conditions can be directly attributed to
specific patient behaviors. Information technology (IT) can
be used effectively to improve outcomes by increasing
data available to physicians, by engaging patients in self-
management, and by reducing therapeutic inertia. Agni-
hothri and Agnihothri present a theoretical framework of a
chronic healthcare delivery model and explain the role of
information technology in the delivery process [10].

Recent technological advancements have utilized the
help of IT to enable remote monitoring and intervention of
chronic conditions. The underlying motivation is that with
preventive measures and continuous monitoring with the
help of these devices, expensive emergency care and hos-
pital admissions can be avoided. In their review of medical
literature on telemonitoring, AbuDagga et al. [11] report
that the compliance among patients is favorable with tele-
monitoring. The value of remote monitoring systems is
further discussed by Milburn et al. [12]. The remote sys-
tems capture disease-specific indicators from the patients
and transmit the data to a remote server. The information
can be examined (synchronously or asynchronously) and
acted upon by healthcare providers. Such a system enables

proactive interventions rather than forcing the patient to wait
for medical breakdown or an undesirable complication. The
interventions can either be reminders and educational mes-
sages to promote patient adherence and compliance or custom
communication or a video conference with the provider.

With an increasing penetration of mobile devices, mobile
health (mHealth) holds a high degree of promise. mHealth
is a general term for the use of mobile phones and other
wireless technology in medical practice. The most common
application of mHealth is to educate patients about preven-
tion and self-management of chronic diseases while receiv-
ing treatment support from healthcare providers through
this technology. Among the different types of software appli-
cations (apps) used on mobile devices, disease manage-
ment apps hold the greatest potential to improve outcomes.
Mobile devices could be used to capture, store, and transfer
health information of patients to their providers. A mobile
app, designed specifically for a particular chronic condi-
tion, helps in frequent upload of patient vitals (such as blood
pressure and glucose level) by the patients [13–15]. If these
measurements are available, the physician or a nurse practi-
tioner can then monitor and track these vitals and intervene
when necessary. In this case, the physician also has access
to vitals over a continuous period and not sporadically as in
the case of conventional delivery.

The types of interventions can vary. For example,
mild interventions can simply be suggestions or reminders
through text messages sent to the patients and can be
handled by a nurse practitioner while a higher order inter-
vention could be medical advice including new medications
or dosage changes and can be handled by a physician.
These timely interventions help in continuous monitoring
of patients and have the potential to prevent complications.
Using these apps can also vastly improve communication
and facilitate collaboration between patients and providers
and among groups of providers caring for patients [16].
Introducing the mobile app may also make the visits more
efficient as the physician now has access to patient-specific
information. As a result, they have the potential to improve
quality of healthcare and reduce costs by avoiding compli-
cations and the need for in-person physician and emergency
visits. With modern developments in artificial intelligence
and machine learning, such interventions can be triggered
automatically or the physician can also be alerted regarding
a particular patient. We also note that self-guided measure-
ments and uploads via mobile devices may be cheaper for
the patient when compared to in-person visits.

1.3 Barriers to diffusion of mHealth

Despite the various advantages we have discussed so far,
mixed results have been reported on the effectiveness
of mHealth technology [17]. With the help of multiple
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stakeholders (patients, providers, insurers, technology
developers, and policy makers), mHealth has the potential
to transform healthcare delivery. Below we list some of the
hurdles for the implementation of mHealth technology. (a)
Tech savviness of patients (and providers): Overall, mobile
app users are younger, more educated, and affluent. How-
ever, chronic disease is prevalent amongst the older pop-
ulation. (b) Provider reimbursement for services provided
through the app: For Medicare and Medicaid patients, the
Centers for Medicare & Medicaid Services has announced
plans to reimburse non-face-to-face service for multiple
chronic conditions including diabetes. For non-Medicare
and Medicaid patients, only cost for face-to-face visits are
reimbursed under fee-for-service models. Thus, providers
do not have any monetary incentive to use mHealth solu-
tions to monitor, coach, intervene, and care for patients
remotely. (c) A secondary concern comes from the fact that
mHealth may eliminate or reduce certain (reimbursable)
office visits, and currently in a fee-for-service payment sys-
tem there is no incentive to explicitly ask the patient to come
less frequently (unless care delivery via mHealth is reim-
bursable). Mobile health makes care more time intensive
for the providers. Providers may have to spend time outside
the visit sessions to monitor and keep track of the patient
progress. Providers generally cannot bill for time they spend

on communications through e-mail, chat, and phone calls,
or on reviewing health information submitted to them via
mobile applications.

It is worth noting that a few studies have assessed the
legal implications of mHealth and related apps, including
privacy issues, security, medical licensure, and malpractice
liability. For legal and liability issues pertaining to mHealth
we refer the readers to Yang and Silverman [18]. We
summarize the pros and cons of using mHealth in Table 1.
For a detailed discussion on the topic, please see Ventola
[19], Bonafini and Fava [20], and Parati [21].

In order to design optimal incentives for the adoption
of mHealth mode by patients and more importantly, by
providers, it is therefore crucial to first explore and
establish the impact of mHealth on health outcome. While
several cost-effectiveness studies have been performed in
the medical field (see our literature review in Section 2),
analytical models to investigate the broad impact of
mHealth are lacking currently. Note that the benefit of
using mHealth depends on many factors such as the
current health condition of the patient, pattern of disease
progression, frequency of measurement and intervention,
the effectiveness of intervention, cost of measuring, and
utility from measuring. Analytical models could take all
these factors into consideration to evaluate the benefit of

Table 1 mHealth Pros and Cons

Pros

– Convenient and personalized care for patients

– Higher accuracy due to the absence of white-coat syndrome or masked hypertension

– Reduced office visits and travel cost for patients

– Better compliance and adherence to therapy through patient empowerment and engagement (reminders and messages)

– Easier and more efficient information sharing and coordination among caregivers and patients

– Facilitates prompt intervention by providers

– Increase in specialist efficiency through nurse-initiated or automated triage

– Possible direct and indirect cost reduction

– Enables remote monitoring of difficult-to-reach patients

Cons

– Training required for less tach-savvy patients

– Possible inaccuracy in the uploaded data by patients (patients may be subjective and selective in logging data or upload erroneous data)

– Data does not come from a medical device (reliability concern)

– Less standardized diagnostic criteria may increase the risk of self-medication

– No proper regulation and validation of the process or the technology

– Data privacy issues and HIPAA1 concerns

– Potential integration issues with EHR2 resulting in inefficiency

– Possible significant costs to maintain and update the application

– Time intensive for providers (to continuously keep track of information uploaded by patients)

1Health Insurance Portability and Accountability Act
2Electronic Health Records
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mHealth. In this paper, we assume disease progression
follows a Markov chain, and we quantify the benefits
of measuring and intervention taking into consideration
the above-mentioned factors. We compare two different
modes for measuring and intervention, mHealth mode
and conventional office visit mode, and we evaluate the
sensitiveness of these factors on the health outcome.

Some of the questions we seek to answer with the
help of our analytical model are as follows: Under what
conditions is mHealth beneficial to patients? How does
mHealth benefit the patients and which patient types are
more likely to benefit from mHealth? What is the effect of
intervention through mHealth on various health outcomes
such as Quality Adjusted Life Years (QALY)? How does the
intervention via mHealth change as patient profile changes
from moderate-risk to at-risk patients?

The rest of the paper is organized as follows. In Section 2
we provide a summary of related literature. In Section 3 we
introduce and explain our Markov chain model. In Section 4
we analyze our model and provide closed-form expressions
for various performance measures of interest. We present
our modeling insights in Section 5. Finally, in Section 6 we
present our concluding thoughts.

2 Literature review

Most of the body of work in the medical literature on
mHealth are longitudinal cost-effectiveness studies that
empirically prove the benefit of remote monitoring and
intervention. For example, Reed et al. [22] performed an
economic evaluation of home blood pressure monitoring
[22]. They found that measurements in combination with
interventions by a nurse lowered the blood pressure and
resulted in 11% improvement in blood pressure control
over 24 months compared to usual care. Dennis et al. [23]
provided a review of telephone coaching and observed an
overall benefit in health behavior and status, especially
for vulnerable population [23]. Fisherman et al. [24]
investigated web-based collaborative approach through a
pharmacist to manage chronic illness [24]. For a review of
the evolution of mHealth and how its impact areas have
diversified we refer the readers to Fiordelli et al. [25].
They pointed out a shift in investigation from technology
assessment to impact assessment. Following the trend, the
impact of e-visits on primary care provider’s capacity has
been investigated in Zhong et al. [26] and Bavafa et al. [27].
Our paper also aims to model the impact of mHealth in the
care of patients with chronic disease.

Stochastic models in general and Markov models specif-
ically have been proven to be efficient to model health
conditions, disease progression over time, and various inter-

ventions. Below we give a brief summary of Markov models
and refer the readers to relevant literature. While Markov
models accommodate the randomness in disease progres-
sion, they assume that once the present system state (health
condition) is known, the future states are independent of
the past (memoryless property). This assumption helps in
tractability and enables a far more convenient way of mod-
eling prognosis of clinical problems. Therefore, Markov
models have been adopted in a variety of health conditions.
One of the earliest and the most common application has
been in the case of HIV infection, where cell counts repre-
sent the states and the disease progresses based on a Markov
model [28]. The prediction of the timing of infection, which
is difficult using from direct sampling, was provided by
Rouzioux et al. [29]. Fibrosis progression in patients with
chronic hepatitis C has been quantified and predicted by
the use of Markov models [30]. Markov models have also
been used for pulmonary disease and to measure the effect
of smoking cessation program [31]. They have also been
used to study different types of cancers, screening for them,
and their treatment [32–34]. Another application of Markov
models has been documented in modeling disease progres-
sion in organ transplant candidates [35–37]. Yen and Chen
[38] developed stochastic models for co-morbidity (multi-
ple chronic conditions). Kang et al. [39] modeled patient’s
treatment adherence behavior using Markov models.

While time-homogeneousMarkovmodels aremore common
in the medical literature, Chen and Zhou [40] developed
methods that consider non-homogeneous Markov mod-
els. Capan et al. [41] considered a semi-Markov model to
analyze acute care delivery, and Grossetti et al. [42] used
time-homogeneous Markov and semi-Markov models to
predict survival of patients affected by chronic heart failure.
Ieva et al. [43] studied hospital readmissions of chronic
heart failure patients as a realization of non-homogeneous
Poisson process. We refer the reader to Kaambwa et al.
[44] and Kirsch [45] for systematic reviews of the literature
that uses stochastic and Markov models for various disease
management programs.

Besides stochastic models, decision analytic models have
been used to identify optimal decision making (including
treatment choices), given the uncertainty and dependency
in the healthcare field. We next give a brief overview
of the literature that discusses optimal choices. Funahashi
et al. [46] uses a decision tree model to investigate the
economics of home blood pressure measurement when
providers and patients have choices and they observe
significant cost savings. Wan et al. [47] compare different
imaging techniques in the case of pediatric appendicitis.
Louie et al. [48] discuss how to decide between radiotherapy
and surgery in the case of cancer. Liu et al. [49] developed
a Markov decision process model to find optimal treatment
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decisions for deteriorating chronic diseases when treatment
technologies are improving over time. Bertismas et al. [50]
compare different mathematical models for prostate cancer
screening policies and develop a heuristic that identifies
strategies that perform well under all models. We refer
the readers to Schaefer et al. [51] for various scenarios
involving treatment decision making and to Ramos et al.
[52] for a review of decision analytic models in healthcare.
Other modeling approaches include economic and game-
theoretic models. For example, Rajan et al. [53] analyze the
impact of telemedicine in treating chronic conditions using
a game-theoretic and queuing model.

Our contributions in this paper are as follows. We
develop a Markov chain to model disease progression
by incorporating various factors including intervention
effectiveness, cost of measurement, and disease progression
rate. We model the key benefit of adopting mHealth mode
coming from enabling more opportunities for intervention
by the provider. We derive closed-form expressions for
two important patient health outcomes: expected life years
and expected total lifetime utility (cumulative QALY-based
reward net of measurement cost) given patient health state
and treatment mode. Our model enables us to compare
different health outcomes under mHealth mode versus
office visit mode. Though the benefit of mHealth mode is
dependent on the utility of being in a (sicker) state, we
observe that the cost of measurement can be a (linear)
substitute for lower utility. This suggests that and even
when patients are sicker by sufficiently lowering the cost
of measurement (improvements in technology) the benefit

of mHealth can be realized. Since the utility depends on
the type of chronic condition and the patient profile, the
adoption of mHealth mode can be driven by the cost of
measurement. We also investigate the impact of intervention
effectiveness on the value of mHealth. Our results can
be used in identifying scenarios and cases that are ideal
for mHealth adoption and designing optimal incentives for
providers to adopt mHealth.

3Model

In this section we develop a Discrete Time Markov Chain
(DTMC) model to evaluate the disease progression for a
patient depending on the care mode (mHealth or office
visits). We first define one base period as the length
of time between two mHealth mode uploads. This is to
introduce a common time unit for our subsequent analytical
derivations and time-related computations. The length of
a base period could be a day, a week, or a month, for
example. We assume that patients using mHealth mode
measure (at home) every base period while patients using
office-visits mode measure (in office) every k base periods,
k > 1. This implies that when office-visit patients measure
once, mHealth mode patients measure k times. In addition,
we differentiate these two modes by the (patient) cost of
measuring and effectiveness of the provider interventions.
We then compare disease progression and the corresponding
lifetime utilities for patients choosing these two modes. We
provide a summary of notations used in this paper in Table 2.

Table 2 Summary of notations
Notation Definition

Pw Transition probability matrix over one base period in the absence of treatment

Pm Transition probability matrix over one base period in mHealth mode

Pr Transition probability matrix over one base period in office visit mode

a Probability that patient health deteriorates

b Probability that patient health improves

em Decrease in probability of health deteriorating after intervention in mHealth mode

er Decrease in probability of health deteriorating after intervention in office visit mode

βm Increase in probability of health improving after intervention in mHealth mode

βr Increase in probability of health improving after intervention in office visit mode

Cm Patient cost of measuring in mHealth mode

Cr Patient cost of measuring in office visit mode

R(s) Reward over one base period if the patient is in state s

Tm(s) Expected absorption time (measured in base periods) if the patient is in state s in mHealth mode

Tr(s) Expected absorption time (measured in base periods) if the patient is in state s in office visit mode

vm(s) Random variable for total utility if the patient is in state s in mHealth mode

vr (s) Random variable for total utility if the patient is in state s in office visit mode

νm(s) Expected total utility if the patient is in state s in mHealth mode

νr (s) Expected total utility if the patient is in state s in office visit mode
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3.1 Transitionmatrices

We assume that the patient’s health status falls into three
discrete states, s ∈ {1, 2, 3}, which are ordered from the
“healthiest” to the “unhealthiest.” States 1 and 2 represent
the different possible stages of the chronic disease and they
can be identified based on some health indicators such as
blood sugar level, blood pressure, and cholesterol. A patient
in state 1 has mild progression of the chronic disease,
while a patient in state 2 has advanced progression of the
chronic disease. State 3 represents a critical health state,
where treatment or further action is beyond the purview
of the doctor’s office (the clinic the patient is enrolled in).
For instance, this could be an emergency or even death
of the patient. For this reason, we consider state 3 to be
an absorbing state. Patients with chronic disease cannot be
completely cured, and so we assume that it is impossible
for patients to transfer “out” of the three states to become
completely cured.

Remark 1 We remark that it is possible to extend our
subsequent analysis to a general number of health states,
and our key results in Theorems 1 and 2 will still hold.
However, the resulting expressions become more intractable
as the number of states increases. Our goal is to analyze the
smallest possible model without sacrificing accuracy, which
is the three-state model. In fact, Penaloza et al. [54] in their
review of medical literature that employ models, suggest
that a parsimonious model with a few health states might be
sufficient to conclude the main findings. They also report
that the cost-effectiveness results were robust to changes in
model structure.

Remark 2 (a) Because we aggregate sick states into two
states, we assume that intervention occurs every time
a patient takes a measurement even if the patient is in
the same state in the next period. This is a reasonable
assumption. For example, in the case of hypertension,
a patient is classified as hypertensive if systolic blood
pressure (SBP) is 120 mm Hg or above. SBP of above
180 mm Hg is considered as hypertensive crisis. If
we assume that intervention occurs only when there
is a change of state in our model, then there are
very few opportunities for interventions. Furthermore,
since we combine many possible states into just
two states, staying in the same state in our model
implicitly includes some health “transitions” as well.
The interventions, therefore, can be based on these
transitions. To relax the assumption that interventions
occur every time a patient makes a measurement we
suggest the approach described in Appendix A.

(b) The length of the time between measurements is in
base periods which could be of any length. If the base

period is long enough, then there is a greater likelihood
of transitions every base period.

(c) There are multiple types of intervention. Just by
knowing that a provider is monitoring whenever a
measurement is taken has an impact on patient’s
health. Studies have shown that better outcomes result
from providers listening thoughtfully and that even flu
shots may be more effective depending on the mood
of the patient [55]. But to keep the model tractable, we
also assume that intervention types are homogeneous.

Next, we define the transition probabilities between
the different states, depending on whether there was an
intervention or not, and if it was received, whether the mode
of contact with the physician is through mHealth mode or
through an office visit. In the absence of intervention, the
patient’s disease progression follows the Markov chain with
transition probability matrix Pw, given by

Pw =
⎡
⎣
1 − a a 0

b 1 − b − a a

0 0 1

⎤
⎦ ,

where Pw(i, j) gives the transition probability from state i

to state j in one base period. Without intervention, a gives
the probability that the patient’s health state deteriorates,
and b gives the probability that the patient’s health state
improves.

If the intervention in the current period was through
mHealth mode, then the patient’s immediate transition over
the next base period follows the transition probability matrix
Pm (in all our notations the subscript m stands for mHealth
mode), given by

Pm =
⎡
⎣
1 − ema ema 0

βmb 1 − βmb − ema ema

0 0 1

⎤
⎦ ,

where 0 ≤ em ≤ 1, βm = (1 − aem)/(1 − a), and Pm(i, j)

is the probability of transitioning from state i to state j in
one base period. By receiving intervention through mHealth
mode rather than no intervention, the factor em represents
the decrease in the probability of transitioning to a sicker
state, while βm represents the increase in the probability
of transitioning to a healthier state. These interventions, as
we described in the introduction, could be from a nurse
practitioner or the physician herself. The parameter βm is
selected such that if the patient’s current state is 2, the effect
of mHealth mode is the same on the patient’s probability of
next transition to a healthier state and staying in the same
state, that is, βmPw(2, 1) + βmPw(2, 2) + ema = 1.

If the intervention that took place this period was through
an office visit, then the effect of intervention might be
greater than that in mHealth mode for various reasons. First,
the intervention is from the physician herself who has a
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better expertise. Second, the information (the readings of
the vitals) could be more accurate and reliable and hence
the intervention could be more effective. Accordingly, the
patient’s immediate transition over the next base period
for in-office intervention follows the transition probability
matrix Pr , given by

Pr =
⎡
⎣
1 − era era 0

βrb 1 − βrb − era era

0 0 1

⎤
⎦ ,

where 0 ≤ er ≤ 1, βr = (1 − era)/(1 − a), and Pr(i, j)

is the probability of transitioning from state i to state j

in one base period. The parameters er and βr have similar
interpretations as em and βm. We note that er < em

automatically implies βr > βm.

3.2 Disease progression and utility

In this section, we describe the patient’s disease progression
and total net utility. We begin with a patient who uses
mHealth. In every base period, the patient uploads her
information to the mHealth application, and her health
condition transitions according to the transition probability
matrix Pm. The patient incurs a reward R(s) when in state
s. The reward function R can be interpreted as a function
of QALYs; R is non-negative and decreasing in s. The
patient also incurs a cost of measurement, Cm, in every base
period. The cost of measuring in mHealth mode could be
interpreted as the opportunity cost of the measurement setup
time and the time needed to upload the information. This
cost is typically very low since the patients can measure at
their convenient time. Thus, a patient in mHealth mode who
survives for, say,N ′ periods in which she visits the sequence
of states {xn}N ′

n=1 yields a total net utility of

vm({xn}, N ′) =
N ′∑

n=1

R(xn) − N ′Cm.

We next focus on patients who use office visits. The
frequency of office visits is lower than that of mHealth
mode. For instance, diabetic patients meet their doctor once
every few months. Hence, we assume that patients visit the
office once every k base periods to receive intervention from
the physician, and during the next k − 1 base periods the
disease progresses with no physician intervention as there
are no measurements taken. That is, if the current period n

is a multiple of k, the transition over the next base period
follows the transition probability of matrix Pr . During the
next k − 1 base periods, the transition over the next base
period follows the transition probability matrix Pw. As in
mHealth mode, the patient incurs a reward of R(s) in state
s. However, for office visits, patients have to schedule an
appointment, travel to and from the office location, and may

have to wait for the physician in the office. Patients may also
be disrupted from their regular activities or their job. Hence,
the opportunity cost would tend to be higher in the case of
office visits in addition to the cost of measuring. We denote
the cost of measurement byCr , which is incurred once every
k periods when the patient visits the office. Thus, a patient
who only contacts his physician through office visits and
survives for, say,N ′ periods in which she visits the sequence
of states {yn}N ′

n=1 yields a total net utility of

vr({yn}, N ′) =
N ′∑

n=1

R(sn) − �N ′/k�Cr .

For analytical tractability we drop the floor function in
further analysis. We are interested in two key performance
measures: the average time to absorption and the expected
lifetime utility of a patient. For a patient in health state s,
we denote the expected absorption times under mHealth
mode and office visits by Tm(s) and Tr(s), respectively.
Accordingly, we denote the respective expected total
lifetime utilities by νm(s) and νr(s). We summarize our
notations in Table 2.

4 Analysis

4.1 Comparative statics

In this section, we establish comparative statics results
for the average time to absorption, (Tm, Tr), and the
expected lifetime utility, (νm, νr), as we change the mode of
measurement, the underlying parameters (a, b, em, er), and
the health state.

All of the results rely on a coupling argument, which
we briefly summarize as follows: we define two Markov
processes, one with a lower value of the parameter of
interest and one with a higher value. We show that for
every possible path through one Markov chain, there is a
corresponding path through the other Markov chain such
that the observed states are never lower than the state of the
original Markov chain. Based on this, we can claim that the
time to absorption is never lesser for one process than for the
other, and so is the average time to absorption and average
lifetime utility; see Lindwall [56] for detailed information
about coupling.

To proceed, we first give a rigorous definition of
coupling. For any random variable X with probability
measure PX on � and random variable Y with probability
measure PY on �, we say that (X, Y ) are coupled on �×�

with joint probability measure P if for all ω ∈ �, PX(ω) =∑
y∈� P (ω, y) and PY (ω) = ∑

x∈� P (x, ω). We say that
two Markov chains ({Xi}, {Yi}) are coupled if (Xn, Yn) are
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coupled for all n. Now we present an intermediate lemma to
couple two Markov chains of a specific form.

Lemma 1 Let {Xn} and {Yn} be two Markov chains with
respective transition probability matrices P and P ′, of the
forms

P =
⎡
⎣
1 − A A 0

B 1 − A − B A

0 0 1

⎤
⎦ ,

P ′ =
⎡
⎣
1 − A′ A′ 0

B ′ 1 − A′ − B ′ A′
0 0 1

⎤
⎦ ,

such that A ≥ A′ and B ≤ B ′. Suppose that X0 ≥ Y0. Then,
there exists a coupling of {Xn} and {Yn} such that Xn ≥ Yn,
∀n.

The proofs of all our results are presented in Appendix C.

Theorem 1 – Tm(s) and Tr(s) are non-increasing in s

and non-decreasing in b.
– νm(s) and νr(s) are decreasing in s and non-decreasing

in b.
– Tm(s) and νm(s) are non-increasing in em.
– Tr(s) and νr(s) are non-increasing in er .

Theorem 1 states that while the time to absorption is
either the same or less for a patient starting from a sicker
state (s = 2), the expected total utility till absorption is
always lower for a patient starting from a sicker state. Also,
the time to absorption and the expected total net utility do
not increase as the probability of transitioning to a healthier
state decreases. The time to absorption and the expected
total net utility do not increase as the beneficial effect of
intervention decreases whether for mHealth or office visits.
We note however that both the time to absorption and the
expected total utility is non-monotone in a. This is because
an increase in a not only increases the probability of getting
sicker but also increases the probability of getting better
through the intervention because of β. Depending on which
of the two effects is dominating, the absorption time and the
expected total utility could increase or decrease with a. We
will analyze this further in Section 5.

As our last result of our comparative statics analysis,
we present some sufficient conditions under which mHealth
mode outperforms office visit mode, in terms of both the
expected absorption time and the expected lifetime utility.
It is important to determine these conditions to help the
physicians decide which mode of treatment to use for a
patient. We emphasize that these conditions are sufficient
but not necessary. If they are not met, it is unclear which of

the two modes are better. However, we shall provide closed-
form expressions for the expected absorption time and the
expected lifetime utility for both modes of measurement, so
that the measures can at least be compared numerically.

Theorem 2 If er ≥ em and kCm ≤ Cr , then Tm(s) ≥ Tr(s)

and νm(s) ≥ νr(s).

Theorem 2 states that if the cumulative cost of
measurement over k periods for mHealth mode is equal to
or less than the cost of measurement for office visit mode
and if the effect of interventions are equivalent (or more
beneficial for mHealth mode), then the expected time to
absorption and the expected total net utility for a patient
under mHealth mode is never lower than that of a patient
undergoing treatment through the office visit mode.

4.2 Timemeasures

In this section, we present closed-form expressions to
calculate the expected time to absorption and the expected
time spent in each state before absorption.

We begin with the case of mHealth mode. In every
period, the patient makes a transition according to the matrix
Pm. We define Qm as a 2 × 2 submatrix of Pm with row 3
and column 3 removed. We obtain the fundamental matrix
Nm = (I − Qm)−1 in which the (i, j) entry represents
the expected number of periods spent in state j before
absorption, starting from state i:

Nm =
⎡
⎢⎣

a(1 − a − b)em + b

(1 − a)(aem)2

1

aem
b(1 − aem)

(1 − a)(aem)2

1

aem

⎤
⎥⎦ . (1)

We denote Tm = [Tm(1), Tm(2)] as the vector of the
expected times to absorption starting from a given state, and
we calculate it using Tm = Nm × w where w is a 2 × 1
vector of ones:

Tm =
[
b(1 − aem) + 2(1 − a)aem

(1 − a)(aem)2
,

b(1 − aem) + (1 − a)aem

(1 − a)(aem)2

]
. (2)

Next, we analyze the case of office visits. We assume
that patients visit the office every k periods, and thus the
patient’s transition follows the matrix Pr , if the period
is a multiple of k and follows the matrix Pw otherwise.
We follow the same approach as our earlier mHealth
mode analysis. However, this approach is complicated by
the fact that there is no straightforward way to analyze
the absorption times of this process since the underlying
transition matrix changes from Pw to Pr every k periods. As
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an approximation, we instead analyze the absorption times
for the transition probability matrix

P̃ = 1

k
Pr + k − 1

k
Pw. (3)

In k periods, rather than assuming that transitions follow
Pr once in the kth period and follow Pw for the remaining
k−1 periods, we instead assume that the transition matrix is
Pr with probability 1/k and Pw with probability (k − 1)/k.
Analyzing the absorption times of P̃ is desirable since (i)
we shall show using numerical experiments in Appendix D
that the absorption times calculated using P̃ approximate
the original process quite well, and (ii) the absorption time
calculations of P̃ yield more tractable results.1

As in the analysis for the expected absorption times in
mHealth mode, we form matrix Qr , which is the submatrix
of P̃ with the third row and column removed. Next we
form the fundamental matrix Nr = (I − Qr)

−1, where
the (i, j) entry of Nr is the expected number of periods
spent in state j , starting from state i. Finally we form vector
Tr = [Tr(1), Tr(2)] using Tr = Ñ × w where w is a 2 × 1
vector of ones. The expressions forNr and Tr are as follows:

Nr =
⎡
⎣

k
(
(er+k−1)a2+(b−1)(er+k−1)a−bk

)
(a−1)a2(er+k−1)2

k
a(er+k−1)

bk(a(er+k−1)−k)

(a−1)a2(er+k−1)2
k

a(er+k−1)

⎤
⎦ , (4)

Tr =
[

k
(
(er + k − 1)(2a2 + a(b − 2)) − bk

)

(a − 1)a2(er + k − 1)2
,

k
(
(er + k − 1)(a2 + a(b − 1)) − bk

)

(a − 1)a2(er + k − 1)2

]
. (5)

4.3 Total patient utility

We next determine the expected total utility for a patient
over her lifetime using our results for Nm, Nr, Tm, and Tr .
First, we focus on the case of mHealth mode. The patient’s
expected total utility if her current state is s, denoted by
νm(s), is the sum of rewards over her expected lifetime
minus the measurement cost Cm. Therefore,

νm(s) =
2∑

j=1

Nm(s, j)R(j) − CmTm(s), (6)

= b(1 − aem)(Cm − R(1)) + aem(1 − a)(2Cm − R(1) − R(2))

(aem)2(a − 1)
,

if s = 1, and (7)

= b(1 − aem)(Cm − R(1)) + aem(1 − a)(Cm − R(2))

(aem)2(a − 1)
,

if s = 2. (8)

We obtain (7) and (8) by substituting (1) and (2) into (6).

1We note that we also tried the k-step transition matrix as PrP
k−1
w .

However, this approach was not accurate especially when the
absorption time is not a multiple of k.

Using the same method, we determine the patient’s
expected total lifetime utility using office visits, denoted by
νr(s). It is the sum of rewards over the patient’s lifetime
minus the measurement cost Cr , paid every k periods. We
drop the floor function in Eq. 9 to help obtain closed-form
expressions. Therefore,

νr (s) =
2∑

j=1

Nr(s, j)R(j) − CrTr (s)/k = (9)

a (er +k − 1) (Cr (2 − 2a − b) + R(1)(a + b − 1) + R(2)(a − 1))

(a − 1)a2 (er + k − 1)2

+ bk (Cr − R(1))

(a − 1)a2 (er + k − 1)2
, if s = 1, (10)

a (er + k − 1) (Cr (1 − a − b) + R(2)(a − 1) + bR(1))

(a − 1)a2 (er + k − 1)2

+ bk (Cr − R(1))

(a − 1)a2 (er + k − 1)2
, if s = 2. (11)

We obtain (10) and (11) by substituting (4) and (5) into (9).
Let p be the probability of starting in state 1 and hence 1−p

is the probability of starting in state 2. Then, the expected
lifetime utility of mHealth mode (νm) and the expected
lifetime utility of office visit mode (νr ) are given by:

νm = pνm(1) + (1 − p)νm(2),

νr = pνr(1) + (1 − p)νr(2).

We next compare the two utilities and identify conditions
under which mHealth will be attractive to patients. Two
critical factors that influence the adoption of mHealth are
the cost of measuring and the reward incurred per period.
As technology improves and with the advent of bio-sensors,
cost of measuring can be reduced by an order of magnitude.
We hence want to investigate how the rewards per state and
the cost of measurement interplay in incentivizing patients
to choose mHealth. If we normalize R(1) = 1 and Cr = 1,
the value of R(2) for which νm and νr are equal is given by

f + gCm, (12)

where f and g are constants in Cm, which can be
represented as follows by denoting N̄(i, j) = Nm(i, j) −
Nr(i, j):

f = −p(N̄(1, 1) + Tr (1)/k) + (1 − p)(N̄(2, 1) + Tr (2)/k)

pN̄(1, 2) + (1 − p)N̄(2, 2)
,

g = pTm(1) + (1 − p)Tm(2)

pN̄(1, 2) + (1 − p)N̄(2, 2)
.

We note that (12) is linear in Cm as f and g are constants
with respect Cm. Also, assuming em = er = e, we obtain

g = (b + ae ((1 − a)(1 + p) − b)) (k + e − 1)

ae(1 − a)(1 − e)(k − 1)
. (13)

Since a ≤ 1, e ≤ 1, and k ≥ 2, we can conclude that g ≥ 0.
That is, the slope is non-negative and hence as Cm decreases
the value of R(2) at which mHealth mode is superior to
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office visit mode decreases as well. In other words, the
impact of mHealth mode increases with decreasing cost of
measurement.

We next investigate the sensitivity of g with respect to the
health deterioration probability, a.

Theorem 3 There exists a∗ such that dg/da ≤ 0 for 0 ≤
a ≤ a∗ and dg/da ≥ 0 for a∗ ≤ a < 1.

Theorem 1 states that while the impact of mHealth mode
increases with reduction in the cost of measurement (Cm),
the increase in impact is moderated by the riskiness of the
chronic condition. For conditions that are moderately risky
(a < a∗), the increase in impact reduces as the risk (a)
increases. But for conditions that are highly risky (a > a∗),
the increase in impact increases as the risk (a) increases.
This suggests that for highly risky conditions, the impact of
reducing the cost of measurement in enhancing the adoption
of mHealth mode only increases as the condition or the
patient profile gets riskier.

5 Insights from themodel

In this section, we investigate the benefit of mHealth mode
compared to office visits as model parameters vary, e.g.,
disease progression and rewards (a, b, R(1), and R(2)),
intervention effectiveness (em and er ), and measurement
costs (Cm and Cr ).

The benefit of mHealth mode comes from providing
opportunities for the physician or the nurse practitioner to
intervene more often. Since under office-visit mode patients
see their physician only once every k periods, we next show
the impact of care continuity. Note that as k increases,

mHealth

Office
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Fig. 1 The effect of the frequency of visits on the expected total utility
of office-visit mode for a patient starting at state 1: Cm = 0.5, Cr =
0.5k, R(1) = 1, R(2) = 0.5, a = 0.5, b = 0.1, em = er = 0.5

the frequency of measurements under office-visit mode
decreases. The analysis in Fig. 1 depicts the mHealth mode
utility (which is independent of k) and the utility of office-
visit mode as k increases. The difference of the two lines
is the differential benefit of mHealth mode. We notice how
increasing the frequency even by one (k = 2) generates a
huge impact. Although the differential benefit is increasing
in k (for k ≥ 2), the magnitude of the gain in benefit
decreases with k (differential benefit is convex increasing in
k); for example, an office-visit mode patient would benefit
more by switching to mHealth mode if the average time
between office appointments increases from 2 weeks to 3
weeks (due to an increase in the physicians panel size, for
example), compared to the case where the average time
between office appointments increase from 9 weeks to 10
weeks (also see Fig. 3).
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Fig. 2 Regions with positive differential benefit for mHealth mode:
k = 5, R(1) = 1, Cr = 1, a = 0.5, b = 0.1, em = er = 0.5
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We next analyze the differential benefit of mHealth
mode. We define δ(s) = νm(s) − νr(s) as the difference
between the expected total lifetime utilities under the two
modes of care (mHealth mode and office-visit mode),
starting from health state s. When δ(s) > 0, the benefit
of adopting mHealth mode is greater than the benefit of
office-visit mode, and therefore, patients have an incentive
to choose the mHealth mode. In the region plot of Fig. 2,
we show regions under which δ(s) > 0 (shaded region) by
varying the ratio of the measurement costs of the two modes
(Cm/Cr ) and the ratio of the rewards of the two modes
(R(2)/R(1)). In the analysis in Fig. 2, we consider equal
care effectiveness for the two care modes and we set k = 5,
i.e., the patient schedules office visits once every 5 periods;
other parameters are mentioned in the figure caption.

As Fig. 2 shows for lower values of Cm/Cr (low cost of
mHealth mode measurements), patients are more likely to
opt for mHealth mode even if the rewards are smaller as the
expected total net utility is higher because of intervention.
As the reward in state 2 becomes closer to the reward of state
1 (higher R(2)/R(1)), mHealth mode is more preferable
even for a higher measurement cost. This is because
mHealth mode increases the patient’s time to absorption
(longer lifetime) and the patient accrues more quality life
years as R(2) increases (the health degradation from state 1
to state 2 is less severe). Hence the patient is better able to
absorb higher costs of measurement. Also, other parameters
remaining constant, Fig. 2 shows that the boundary between
positive and negative differential utilities of mHealth mode
follows a linear combination of the cost ratios and the
reward ratios as we also observed in expression (13).

Based on Fig. 3, the patients in state 1 (healthier state)
would collect higher expected total lifetime utility for
choosing mHealth mode over regular office-visit mode for

1 2 3 4 5 6 7 8 9 10
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Fig. 3 Expected differential benefit of mHealth mode as a function
of k: Cm = 0.5, Cr = 0.5k, R(1) = 1, R(2) = 0.5, a = 0.5, b =
0.1, em = er = 0.5
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Fig. 4 Expected average differential benefit for mHealth mode as a
function of k: Cm = 0.5, Cr = 0.5k, R(1) = 1, R(2) = 0.5, a =
0.5, b = 0.1, em = er = 0.5

different values of k compared to the patients in state 2
(sicker state); this is due to the fact that state 1 patients are
expected to live longer (compared to state 2) and spend more
time in a better state and therefore accrue higher expected
total benefit in lifetime utility by choosing mHealth mode.
This result could be misleading as the lifetimes are not
comparable between patients starting from states 1 and 2.
To make the mHealth mode benefits comparable between
starting from states 1 and 2, we next compare the expected
average lifetime utilities (instead of expected total lifetime
utilities), and we measure them by:

ν̄i (s) = νi(s)/Ti(s), i ∈ {1, 2}.
Therefore, the expected average differential benefit of
mHealth mode is measured as δ̄(s) = v̄m(s) − v̄r (s).
Figure 4 shows the results for the expected average
differential benefit of mHealth mode for the same parameter
setting as Fig. 3. As we observe, sicker patients (starting
in state 2) gain higher expected average lifetime utility
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Fig. 5 Expected average differential benefit for mHealth mode as
a function of intervention effectiveness: k = 5, Cm = 0.5, Cr =
2.5, R(1) = 1, R(2) = 0.5, a = 0.5, b = 0.1, er = 0.5
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by switching to mHealth mode compared to the healthier
patients if the intervention effectiveness for mHealth mode
and office-visit modes are equal; the sicker the patient, the
more expected average benefit from mHealth mode.

In the experiments up to this point, we assumed similar
intervention effectiveness between mHealth mode and
office-visit mode to be able to isolate the effects of each
of the parameters that we studied. As we discussed earlier,
intervention effectiveness of mHealth mode might be lower
for several reasons. Figure 5 shows how the expected
average differential benefit from mHealth mode drops as its
intervention effectiveness degrades (lower em corresponds
to higher intervention effectiveness). We observe how
mHealth mode may give higher average lifetime utility even
if it is less effective than office-visit mode (er = 0.5 <

em < 0.9 in Fig. 5).
From Fig. 6 we observe that the weighted average utility

for mHealth mode is non-monotone in the probability
that health state deteriorates (a) in one period. This is
because as a increases, two contrasting factors play a
role. Since the probability of getting sicker increases, the
expected total differential utility tends to reduce. But,
because there is an intervention effect, a higher a combined
with the intervention factor also increases the probability
of getting healthier. Depending on which of the two factors
is dominating, the expected total utility could increase or
decrease with a. In fact, as we can see from Fig. 6, as a → 1
and intervention effect is significant, the factor β becomes
quite high (β >> 1). Therefore, the probability of getting
better significantly increases and this is the reason that the
expected total utility increases as the probability of getting
sicker is very high.

Weighted average utility
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a (Probability of getting sicker)

Fig. 6 Expected total net utility for mHealth mode as a function of the
rate of disease progression: k = 10, Cm = 0.1, R(1) = 1, R(2) =
0.5, b = 0.05

6 Conclusion

In this paper, we develop a model for chronic disease
progression that incorporates not only the characteristics of
the disease, but also the mode of monitoring that is chosen
by the patient (mHeath or office visits) and the frequency
of physician intervention. We use the model to measure
two important patient health indicators: (1) The average
life expectancy and (2) the expected total lifetime utility
earned by patients in different health states. We compare
the values of these two measures between patients who use
mHealth mode and patients who utilize only office visits.
Understanding when one mode outperforms the other gives
the physician (and policy makers) some insight into the
conditions under which patients should use mHealth mode
and when they should not.

Our key observations from our model are as follows. The
key benefit of adopting mHealth mode comes from enabling
more opportunities for intervention by the provider. By
analyzing the patient utility based on the frequency of
visits to the provider, first we bring out the effect of care
continuity. The differential benefit of mHealth mode is also
higher if the frequency of visits in the case of office mode
is lower. Second, though the benefit of mHealth mode is
dependent on the utility of being in a (sicker) state, we
observe that the cost of measurement and the utility of being
in a sicker state are linearly substitutable. Since the utility
depends on the type of chronic condition and the patient
profile, the impact of mHealth mode can therefore be driven
by the cost of measurement. For instance, for a patient
population that is considered at-risk or highly susceptible to
falling into a critical state, lowering the cost of measurement
(such as implanted monitoring devices) can greatly enhance
the adoption of mHealth and hence the utility for patients.

Third, while mHealth mode may perform better even if it
is not as effective as office-visit mode, we note that mHealth
mode can only be helpful if the interventions are effective.
If the measurements are error prone or if the intervention
is not efficient, mHealth mode is unlikely to provide any
benefit for the patient population. Our results can be used
in identifying scenarios and cases that are ideal for mHealth
adoption and designing optimal incentives for providers to
adopt mHealth.

We briefly discuss some limitations of our model and
guidelines for future research. For analytical tractability
and to be able to get insights from the model, we limited
our state space by limiting the number of patient health
states. Future research could explore an expanded state
space depending on the application. Although our analytical
results are based on a limited state space, our approach
to evaluate the health measures of interest is general and
can be applied to any number of health states. Researchers
could use our approach to investigate the magnitude of the
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benefits of mHealth over office visits for a specific disease
by calibrating the parameters with real data. We combine
effectiveness and accuracy of intervention and study their
combined influence. Future research may consider these
factors separately and analyze the magnitude of each of their
influence. We assume patients are homogeneous and make
use of mHealth every period. Future research may explore
patient behavior in the adoption of mHealth. Another topic
of interest for future research is to investigate incentives
for patients and physicians to adopt mHealth technology
and to explore the role of insurance companies in providing
incentives.
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Appendix A: Markovmodel for gaps
in intervention

In Section 3 we assume that there is an intervention every
time a patient measures. This assumption can be easily
relaxed by expanding our state space. Assume that there
is an intervention only when the patient is in state 2. We
consider one more dimension to our current state space. The
second dimension denotes whether there is an intervention.
The state at period n is given by {Xn, Yn}, where Xn ∈
{1, 2, 3}, as before, Yn = 0 if there is no intervention,
and Yn = 1 if there is an intervention. Note that there is
no intervention when in states 1 and 3. Therefore, Yn =
0. That is, P(Xn+1, 1|Xn) = 0 for Xn+1 = {1, 3}
and Xn = {1, 2, 3}. Hence, we have 4 possible states:
(1, 0), (2, 0), (2, 1), and (3, 0).

Then the patient’s immediate transition over the next base
period follows the transition probability matrix Pm, given by

Pm =

⎡
⎢⎢⎢⎣

1 − a 0 a 0
b 1 − b − a 0 a

βmb
1 − βmb − ema

2

1 − βmb − ema

2
ema

0 0 0 1

⎤
⎥⎥⎥⎦ . (14)

In Eq. 14, note that we accommodate the possibility that the
intervention (for a patient who just got sick and transitioned
to state 2) happens over multiple base periods, especially
if the intervention is not effective. If the patient stays in
(2, 1), they continue to receive intervention and therefore
increase their chance of getting back to state 1 (from which
they originally transitions from). Of course, in reality, not
everyone at state 2 might be continuously eligible for such
interventions and hence we also let them transition to state
(2, 0) which means no more interventions as long as they

are in state 2. We have arbitrarily chosen the 50-50 split
between (2, 0) and (2, 1). This can of course be varied.

In case measurements are taken only every k periods,
since we already consider a second dimension in the state
space, let the second dimension denote either there is an
intervention or there is going to be one during the next
measurement period. Hence, we can still do with just 4
possible states: (1, 0), (2, 0), (2, 1), and (3, 0). State (2, 1)
denotes that the patient received an intervention if he
measures (in the case of Pm matrix) and will receive an
intervention when he measures next at the kth period (in the
case of Pw matrix). Pr in this case will be simply Pm for
one period and the following modified Pw for the remaining
k − 1 periods,

Pw =
⎡
⎢⎣
1 − a 0 a 0

b 1 − b − a 0 a
b γ (1 − b − a) (1 − γ )(1 − b − a) a

0 0 0 1

⎤
⎥⎦ . (15)

In Eq. 15, states (2, 0) and (2, 1) are treated the same when
it pertains to transitions to states 1 and 3. The same state
transition for state (2, 0) is also unchanged, implying that
these patients do not receive any interventions as long as
they are in state 2. For patients moving to state (2, 1) they
will get intervention if they measure in the next period. But,
with probability γ (1 − b − a) they go to state (2, 0). If we
make γ to be 0, then patients in regular mode will all get an
intervention in the next period if they are in state 2.

Appendix B: Distribution of first passage
time

In this section we present the distribution of the first passage
time for a healthy (State 1) patient to the absorbing state.
We first restate a result pertaining to the distribution of the
absorption time for general birth and death processes, from
Theorem 1.2 of [57]:

Theorem 4 Consider a discrete birth and death chain with
transition kernel P ∗ on the state space {0, . . . , d} started
at 0, where d is an absorbing state, and suppose that the
other birth probabilities p∗

i , 0 ≤ i ≤ d − 1, and death
probabilities q∗

i , 1 ≤ i ≤ d−1 are positive. If p∗
i−1+q∗

i < 1
for 1 ≤ i ≤ d , then the absorption time starting from state
0 has the probability generating function

f (u) =
d−1∏
j=0

(1 − θj )u

1 − θju
,

where −1 ≤ θj < 1 are the d nonunit eigenvalues of P ∗.

Note that Theorem 4 implies that the absorption time
starting from state 0 can be expressed as the sum of
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d independent geometric random variables each with
parameter 1−θj , since this sum has a probability generating
function of the form of f .

We begin by finding the distribution of the absorption
time for a Markov chain following transition matrix Pw, by
calculating the eigenvalues of Pw and applying Theorem 4.
If a + b < 1, then the random time to absorption starting
from state 1, denoted as T̃ (1), has a distribution of the form

P(T̃ (1) = n) = (1 − p1)(1 − p2)(p
n−1
2 − pn−1

1 )

p2 − p1
,

for n ≥ 2 and ifp1 �= p2, (16)

= (n − 1)(1 − p1)(1 − p2)p
n−1
2

p1
,

for n ≥ 2 ifp1 = p2 (17)

where

p1 = 1

2
(2a + b + √

b(4a + b)),

p2 = 1

2
(2a + b − √

b(4a + b)).

With this result, we can easily derive the distribution of
the absorption time starting from state 1, for patients using
mHealth mode or office visits, since these processes are
Markov chains with transition probabilities of a similar form
as Pw. The distribution of the absorption time for a patient
using mHealth mode following transition matrix Pm is given
by replacing a by ema and b with βmb in Eqs. 16 and 17.
The distribution of the absorption time for a patient using
office visits following transition matrix P̃ defined in Eq. 3 is
given by replacing a by a(er (k − 1)/k + em/k) and b with
b(βr(k − 1)/k + βm/k) in Eqs. 16 and 17.

Appendix C: Proofs of results in Section 3

Proof of Lemma 1 We construct the coupling. We generate
a sequence of uniform random variables, denoted by {Un}.
Given Xn and Un, we define Xn+1 by

Xn+1 = 2 ifXn = 1 and 0 ≤ Un ≤ A,

= 1 ifXn = 1 andA ≤ Un ≤ 1,

Xn+1 = 3ifXn = 2 and 0 ≤ Un ≤ A,

= 2 ifXn = 2 andA ≤ Un ≤ 1 − B,

= 1 ifXn = 2 and 1 − B ≤ Un ≤ 1.

Given Yn, we generate Yn+1 in a similar fashion:

Yn+1 = 2 ifYn = 1 and 0 ≤ Un ≤ A′,
= 1 ifYn = 1andA′ ≤ Un ≤ 1,

Yn+1 = 3 ifYn = 2 and 0 ≤ Un ≤ A′,
= 2 ifYn = 2 andA′ ≤ Un ≤ 1 − B ′,
= 1 ifYn = 2 and 1 − B ′ ≤ Un ≤ 1.

We proceed by induction. Assume that Xn ≥ Yn, then we
must show that Xn+1 ≥ Yn+1. We divide our analysis into
subcases depending on the values of Xn, Yn, and Un, and
show that in each subcase, Xn+1 ≥ Yn+1. Note that 0 ≤
A′ ≤ A ≤ 1− B ′ ≤ 1− B ≤ 1. The inequality A ≤ 1− B ′
is true because 1 − B ′ − A ≥ 1 − B ′ − A′ ≥ 0, where the
first inequality follows from the fact that A ≥ A′, and the
second inequality follows from the fact that 1−B ′ −A′ is a
probability in the P ′ transition matrix. Therefore, there are
five possibilities for the value of Un:

– Case I: 0 ≤ U ≤ A′.
– Case II: A′ ≤ U ≤ A.
– Case III: A ≤ U ≤ 1 − B ′.
– Case IV: 1 − B ′ ≤ U ≤ 1 − B.
– Case V: 1 − B ≤ U ≤ 1.

If Xn = 1 and Yn = 1, then Xn+1 = 2 and Yn+1 = 2 in
Case I, Xn+1 = 2 and Yn+1 = 1 in Case II, Xn+1 = 1 and
Yn+1 = 1 in Case III, Xn+1 = 1 and Yn+1 = 1 in Case IV,
and Xn+1 = 1 and Yn+1 = 1 in Case V.

If Xn = 2 and Yn = 1, then Xn+1 = 3 and Yn+1 = 2 in
Case I, Xn+1 = 3 and Yn+1 = 1 in Case II, Xn+1 = 2 and
Yn+1 = 1 in Case III, Xn+1 = 2 and Yn+1 = 1 in Case IV,
and Xn+1 = 1 and Yn+1 = 1 in Case V.

If Xn = 2 and Yn = 2, then Xn+1 = 3 and Yn+1 = 3 in
Case I, Xn+1 = 3 and Yn+1 = 2 in Case II, Xn+1 = 2 and
Yn+1 = 2 in Case III, Xn+1 = 2 and Yn+1 = 1 in Case IV,
and Xn+1 = 1 and Yn+1 = 1 in Case V.

In all cases, it is true that Xn+1 ≥ Yn+1.

Proof of Theorem 1 We first prove that Tm(s) is non-
increasing in s. Let {Xn} be the sequence of states visited by
the patient using mHealth mode, with X0 = 2, and similarly
let {Yn} be the sequence of states visited by the patient using
mHealth mode, with Y0 = 1. The conditions of Lemma 1
are met by setting P = P ′ = Pm and so there is a coupling
of {Xn} and {Yn} such that Xn ≥ Yn for all n.

From this observation, we are able to conclude that:

– The X process must reach the absorbing state sooner
than the Y process. Thus time to absorption is higher
for any given path {Un} in the Y process compared to
the X process, and so the average time to absorption
is higher as well. For the sake of completeness, we
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prove this statement formally below, however we omit
it for the other claims since the arguments are almost
identical. Let X be defined on probability space � with
measure PX and Y be defined on probability space �

with measure PY . Then Lemma 1 gives a coupling
of X and Y such that for all n, Xn(ω) ≥ Yn(ω) and
PX(ω) = PY (ω). Define T̃X(ω) to be the random time
to absorption in X and T̃Y (ω) to be the random time to
absorption in Y. Then we need to show that∫

�

T̃X(ω)dPX(ω) ≥
∫

�

T̃Y (ω)dPY (ω).

This inequality holds since for allω ∈ �, T̃X(ω) ≥ T̃Y (ω)

and PX(ω) = PY (ω) by our coupling construction.
– Since R(s) is decreasing in s, for every period n,

the Y process yields higher utility than the X process.
Furthermore, the average time until absorption is higher
for the Y process than the X process. Thus, the total
utility over the patient’s lifetime is higher for the Y
process compared to the X process as well.

To prove the remaining claims in the theorem, we
repeat the same argument. For instance, to show that
(Tm(s), vm(s)) are decreasing in em, consider two values of
em, denoted as e

(1)
m and e

(2)
m , such that e(1)

m > e
(2)
m . Create two

corresponding processes {Xn} and {Yn} where X0 = Y0 =
s, and where the transition probabilities for the process X
follow the Pm matrix with em = e

(1)
m (denote this matrix

as P
(1)
m ), and the transition probabilities for the process Y

follow the Pm matrix with em = e
(2)
m (denote this matrix

as P
(2)
m ). Then we can couple {Xn} and {Yn} according to

Lemma 1 by setting P = P
(1)
m and P ′ = P

(2)
m , ensuring

that for all n, Xn ≥ Yn. The argument proceeds in exactly
the same way as above to conclude that since the state is
always higher in the X process than in the corresponding
Y process, the average time to absorption and the average
lifetime utility is higher for the Y process compared to the X
process.

We omit the proofs for the remaining claims since they
are identical to the proofs we have outlined.

Proof of Theorem 2 We proceed with a similar proof as that
of Theorem 1. Let Xn represent the nth period health state
of a patient using regular mode, let Yn represent the nth

period health state of a patient using mHealth mode. Set
X0 = Y0 = s. If n is a multiple of k, then the transition
matrix used in the next step of the X process is Pr , and we
can apply Lemma 1 by setting P = Pr and P ′ = Pm. In
the other case, if n is not a multiple of k, then the transition
matrix used in the next step of the X process is Pw and we
can apply Lemma 1 by setting P = Pw and P ′ = Pm. In

either case, there exists a coupling such that Xn ≥ Yn for all
n.

Thus, we conclude that Tm(s) ≥ Tr(s) since the time to
absorption is always greater in process Y than process X,
and must be greater in expectation as well. Denote T̃X to
be the random absorption time in the X process, T̃Y to be
the random absorption time in the Y process, ṽ({Xn}, s) to
be the lifetime utility of a patient traversing the X process,
starting in state s, and ṽ({Yn}, s) to be the lifetime utility
of a patient traversing the Y process, starting in state s.
We append “∼” to the utility function v to emphasize that
these quantities are random and dependent on the path
of X and Y, and are different from the average utility
functions (vm(s), vr (s)). The expressions for ṽ({Xn}, s) and
ṽ({Yn}, s) are

ṽ({Xn}, s) =
T̃X∑
n=0

R(Xn) − �TX/k�Cr,

ṽ({Yn}, s) =
T̃Y∑

n=0

R(Yn) − TY Cm.

Note that
∑T̃X

i=n R(Xn) ≤ ∑T̃Y

n=1 R(Yn) since T̃X ≤ T̃Y ,
Xi ≥ Yi for all i, and R(s) is decreasing in s. From
this observation and our assumption that kCm ≤ Cr , we
conclude that ṽ({Xn}, s) ≤ ṽ({Yn}, s). For each possible
path, the lifetime utility is higher in the Y process than the X
process, and must be higher on average as well.

Proof of Theorem 3 From Eq. 13,

dg

da
= −b(1 − 2a + a2e)(k + e − 1)

(1 − a)2a2(1 − e)e(k − 1)
.

The equation dg/da = 0 has two solutions:

k + e − 1 − √
(1 − e)(k + e − 1)2

e(k + e − 1)

and

k + e − 1 + √
(1 − e)(k + e − 1)2

e(k + e − 1)
.

Clearly, k+e−1+
√

(1−e)(k+e−1)2

e(k+e−1) ≥ 1 since e ≤ 1. Since

0 ≤ k+e−1−
√

(1−e)(k+e−1)2

e(k+e−1) ≤ 1, this is the a∗ we want.

Appendix D: Justifying P̃ approximation

In this section we run numerical experiments to show that
the office visit process for a patient is well approximated by
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aMarkov chain with transition matrix P̃ defined in Eq. 3. To
do so, for a given set of parameters (a, b, er , k) we calculate
the average absorption time using Tr(1) defined in Eq. 5,
and compare it to the average absorption time calculated
using simulation. For the latter, in every run we simulate
a Markov process starting in state 1 where the transition
probability follows Pr in each kth period, and follows Pw

otherwise, and track the number of transitions needed until
theMarkov chain reaches the absorbing state 3. This process
is repeated 500,000 times and we report the average number
of transitions until absorption. We remark that a similar
analysis can be performed to check the accuracy of Nr in
Eq. 4, but the results are similar and omitted for brevity.

We run five different experiments by choosing different
parameters in each setting:

– Experiment I: a = 0.2, b = 0.1, er = 0.75.
– Experiment II: a = 0.2, b = 0.1, er = 0.5.
– Experiment III: a = 0.2, b = 0.1, er = 0.25.
– Experiment IV: a = 0.8, b = 0.1, er = 0.5.
– Experiment V: a = 0.1, b = 0.8, er = 0.5.

For all the five experiments, we vary k from 1 to 10 and
report the average absorption time using both simulation
and based on Eq. 5. The results of these experiments are
shown in Figs. 7, 8, 9, 10 and 11.

We are mainly interested in Experiments I, II, III.
For these experiments we set a and b, respectively the
probability of a patient’s health condition worsening or
improving in the absence of physician intervention, to a
realistic level. We vary er and k since different values for
these two parameters will affect the frequency with which
we make transitions according to Pr instead of Pw, and the
magnitude of the discrepancy in the transition probabilities
between Pr and Pw. Overall, our approximation works well
in these experiments. By assuming that the office visit
process follows a Markov chain with transition matrix P̃ ,
we do not lose much in overall accuracy. At maximum,
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Fig. 7 Experiment I, a = 0.2, b = 0.1, er = 0.75
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Fig. 8 Experiment II, a = 0.2, b = 0.1, er = 0.5

the error between the simulated absorption time and the
approximated absorption time is 3.4%. For all the settings
that we tested in experiments I, II, and III, the average error
was 1.6%.

Experiments IV and V represent extreme cases where
in the absence of treatment, either (i) it is likely that
the patient condition worsens quickly, or (ii) it is likely
that the patient’s condition improves quickly. Although the
parameters may be unrealistic, we nevertheless report them
to test the limits of our approximation. For Experiment IV,
the maximum error between the simulated absorption time
and the approximated absorption time is 13.5%, while the
average error amongst all the settings tested in experiment
IV was 8.5%. One explanation for the higher error is that
in this setting when k is large, it is likely that in the
simulation the patient reaches the absorbing state before
even the first intervention at period k is reached. However
in the approximation, it is assumed that the patient can
get an intervention in every period with probability 1/k,
and so the approximation is likely to overestimate the
absorption time. In any case, the error is unlikely to have
any practical impact since the magnitudes of the absorption
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Fig. 9 Experiment III, a = 0.2, b = 0.1, er = 0.25
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Fig. 10 Experiment IV, a = 0.8, b = 0.1, er = 0.5

time are small to begin with. For instance, the maximum
error between simulated absorption time and approximated
absorption time occurs when the simulated absorption time
is 2.97 periods and the approximated absorption time is
3.375 periods.

For Experiment V, the maximum error between the
simulated absorption time and the approximated absorption
time is 8%, while the average error amongst all the settings
tested in experiment V was 1.5%. Overall the approximation
works well, except for one instance when k = 2. When
k is small, it is possible that having an intervention once
every k periods is more beneficial than having a 1/k

chance of having an intervention every period. In the latter
case, the patient has a risk of not receiving intervention
within k periods. However, we remark this setting is largely
irrelevant to the analysis of mHealth mode; there is little
point of continuous monitoring of the patient when a is
small and b is large since the patient is usually healthy even
without intervention.
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Fig. 11 Experiment V, a = 0.1, b = 0.8, er = 0.5
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